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We construct Landau-Ginzburg effective field theories for fractional quantum Hall states – such
as the Pfaffian state – which exhibit non-Abelian statistics. These theories rely on a Meissner
construction which increases the level of a non-Abelian Chern-Simons theory while simultaneously
projecting out the unwanted degrees of freedom of a concomitant enveloping Abelian theory. We
describe this construction in the context of a system of bosons at Landau level filling factor ν = 1,
where the non-Abelian symmetry is a dynamically-generated SU(2) continuous extension of the dis-
crete particle-hole symmetry of the lowest Landau level. We show how the physics of quasiparticles
and their non-Abelian statistics arises in this Landau-Ginzburg theory. We describe its relation to
edge theories – where a coset construction plays the role of the Meissner projection – and discuss
extensions to other states.
PACS: 73.40.Hm; 73.20.Dx
I. INTRODUCTION
It is possible for particles in 2 + 1-dimensions to have
non-Abelian braiding statistics [1,2]. This means the fol-
lowing: there is not a unique state, but rather a de-
generate set of states ΨA, describing a system with n
particles at x1, x2, . . . , xn. The result of exchanging or
braiding these particles need not be the mere accrual of
a phase ΨA → eiαΨA. It will, in general, be the transfor-
mation of these states within their degenerate subspace,
ΨA → MABΨB. Since the matrices, MAB, correspond-
ing to different exchanges might not commute, we call
this non-Abelian statistics.
Clear indications of a quantum Hall plateau at ν = 5/2
offer the tantalizing possibility that non-Abelian statis-
tics occurs in nature. If this plateau is in the universality
class of the Pfaffian state [1] – which is one of the leading
candidates – then its quasihole and quasiparticle excita-
tions will exhibit non-Abelian statistics, as was shown
in [3,4]. While these analyses succeeded in establishing
the non-Abelian statistics and in making definite exper-
imental predictions, they left a number of unanswered
questions.
In an earlier paper [4], a ‘dual’ effective theory of the
Pfaffian state was constructed. However, the drawback
of the dual theory is that it takes the quasiparticles as
the fundamental objects. We seek a Landau-Ginzburg
theory since it would illuminate the unusual physics of
this state by showing how such objects can arise from
the underlying electron degrees of freedom. Such a for-
mulation would also facilitate probes of the robustness of
the state by introducing perturbations which couple in a
local way to the electrons.
What makes this question so interesting is precisely the
fact that its answer is, at first glance, so elusive. After
all, electrons do not a priori have any non-Abelian struc-
ture, so it is hard to see from whence it could arise. (The
approximate non-Abelian symmetries – such as spin or
layer symmetry – of multi-component quantum Hall sys-
tems are fundamentally Abelian insofar as their effect on
braiding statistics is concerned. See below.)
One piece of the puzzle is that the relevant non-Abelian
structures result from constraining – or projecting out
part of – an Abelian theory. This may be seen most
simply at the edge, where the neutral sector of the the-
ory, which contains the non-Abelian statistics and has
c = 1/2, is ‘half’ of a c = 1 Abelian theory. A second
piece of the puzzle is that a particularly simple and effi-
cient way of enforcing a constraint is through the Meiss-
ner effect which, in the case of an ordinary superconduc-
tor, imposes B = 0. One salient feature of the ground
states that have excitations with non-Abelian statistics
is that they exhibit pairing [5]. Thus, at least naively, it
is natural to expect that these states, generically called
paired Hall states, should have Landau-Ginzburg descrip-
tion which should make the physics of pairing and of the
Meissner effect manifest. (Note that the Meissner effect
is already used to impose the basic charge-flux commen-
suration. What we propose is to also use the Meissner
effect in the neutral sector to project out unwanted de-
grees of freedom.)
On general grounds one expects that the Landau-
Ginzburg theory should contain a Chern-Simons term in
its action for the gauge field associated with the relevant
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hydrodynamic current. It was shown by Wen and Zee [6]
that for generic Abelian FQH states the effective action
has the form of a multicomponent Abelian Chern-Simons
action with symmetry U(1)× . . .× U(1). In some cases
the system is such that the symmetry can be promoted
to a larger non-Abelian symmetry group, such as SU(2),
but at level 1. In other words, the coefficient of the non-
Abelian Chern-Simons term, is determined by the (level)
index k = 1. However, the state is still Abelian in the
sense that the all representations of the Braid group at
level 1 associated with this state are one-dimensional.
It has been known since the seminal work of Witten [7]
on Chern-Simons theory that only non-Abelian Chern-
Simons gauge theories at level k ≥ 2 exhibit non-Abelian
statistics. Thus, SU(2) invariant FQH states such as the
singlet FQH state [8,9] at ν = 1/2, whose effective action
contain an SU(2) invariant Chern-Simons term at level
1, are actually Abelian from the point of view of the
statistics. We will show in this paper that it is possible
to use the Meissner effect as a mechanism for generating
an effective action at level k ≥ 2 for an unbroken hid-
den gauge symmetry. Thus, in this sense, pairing implies
non-Abelian statistics.
In [10], it was pointed out that the Pfaffian state
ΨPf = Pf
(
1
zi − zj
) ∏
i>j
(zi − zj)2 e
− 1
4ℓ2
0
∑
|zi|2
(1.1)
(where Pf
(
1
zi−zj
)
= A
(
1
z1−z2
1
z3−z4 . . .
)
is the antisym-
metrized product over pairs of electrons) is closely related
to an Abelian state, the (3, 3, 1) state [11],
Ψ(3,3,1) = Pf
(
uivj + viuj
zi − zj
) ∏
i>j
(zi − zj)2 e
− 1
4ℓ2
0
∑
|zi|2
(1.2)
= A


∏
i>j
(z2i−1 − z2j−1)3 (z2i − z2j)3
×
∏
i,j
(z2i−1 − z2j)1
∏
i
u2i−1v2i

 e−
1
4ℓ2
0
∑
|zi|2
(1.3)
where u, v are up- and down-spin spinors and the second
equality follows from the Cauchy identity.
The difference between the states can be elucidated by
quantizing the spins along the x-axis
Ψ(3,3,1) =
Pf
(
uxi u
x
j − vxi vxj
zi − zj
) ∏
i>j
(zi − zj)2 e
− 1
4ℓ2
0
∑
|zi|2
(1.4)
Then, it is clear that the Pfaffian state can be obtained
from the (3, 3, 1) state by polarizing the (pseudo)spins
along the x-direction or, in other words, by projecting
out all of the down (via-a-vis the x-axis) spins.
Unfortunately, it is not so clear how to implement such
a constraint using the Meissner effect, since the Meiss-
ner effect is best suited for a constraint such as A = 0
which, in a Chern-Simons theory, is equivalent to the con-
dition that the associated (hydrodynamic) current van-
ishes, j = 0. However, there is a bosonic analogue of
(1.1) in which this constraint assumes the desired form.
In [4], we took advantage of the fact that a Pfaffian state
of bosons at ν = 1,
ΨPf,ν=1 = Pf
(
1
zi − zj
) ∏
i>j
(zi − zj) e
− 1
4ℓ2
0
∑
|zi|2
(1.5)
has a dynamical SU(2) symmetry which mixes the
charged and neutral sectors. The SU(2) symmetry is
at level k = 2 – unlike the spin-rotational SU(2) symme-
try of a spin-singlet state such as the (3, 3, 2) state which,
since it has k = 1, can only lead to Abelian statistics.
However, Abelian states with a non-Abelian symmetry
group are still useful in the following sense. In a number
of cases of interest the dynamical symmetry arises as fol-
lows. The charge current, which is the main observable
in the Abelian classification of the FQH states, can be
regarded as a diagonal generator of a non-Abelian group
(such as SU(2)). Thus an Abelian state with symmetry
U(1)×U(1) can be described in terms of a system with an
SU(2)1, even though this symmetry in general is broken
explicitly at the level of the Hamiltonian. An example of
this construction is given in references [8] and [9] for the
(3, 3, 2) state.
In this paper we will discuss a different example in
which the SU(2) symmetry is related to particle-hole
symmetry. This is the case of the (Abelian) FQH state
for bosons at ν = 1/2. This is a bosonic Laughlin state
and it is the bosonic analog of the ν = 1/3 state for
(fully polarized) fermions. Once this is established we
will show that the non-Abelian bosonic state at ν = 1,
which has as its effective action an SU(2)2 Chern-Simons
theory, can be constructed as the paired state resulting
from two ν = 1/2 Abelian bosonic states, with symme-
try SU(2)1×SU(2)1. We will see that pairing leads to a
Meissner effect in the broken sector of SU(2)1 × SU(2)1
which leads to an SU(2)2 Chern-Simons theory in the un-
broken sector. We will show that this mechanism of pro-
jection from an enveloping Abelian theory, is the coun-
terpart in the bulk of the conformal embedding [12] of
SU(2)2 into SU(2)1×SU(2)1 of the conformal field the-
ory of the edge states. The properties of this bosonic
theory can be worked out quite explicitly, including the
properties of the quasiholes which are realized as soli-
tons of the broken symmetry state. The generalization
of these ideas to the physically more relevant (but more
involved) fermionic state will be discussed elsewhere.
In essence, the desired Landau-Ginzburg theory should
have the following ingredients:
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1. An SU(2)2 Chern-Simons gauge field.
2. Projection from an enveloping Abelian theory. This
projection would naturally take the form of project-
ing out the down spins in a two-component Abelian
state.
3. Pairing Physics. There is a striking analogy (which
we discuss below) between the Pfaffian state and a
p-wave BCS superconductor which explains, for in-
stance, the halving of the flux quantum.
We will see below how these three ingredients can lead
to a Landau-Ginzburg theory for the Pfaffian state.
Recently, the relation between pairing (and its gener-
alizations), the Pffafian states (and their generalizations)
and Conformal Field Theory has been reexamined by
Read and Rezayi [13,14] who introduced quantum Hall
states with k-particle condensates (a similar idea was dis-
cussed earlier by Wen [2]), Wen and Zee [15], and also by
Cappelli, Georgiev and Todorov [16] who discussed the
relation between the conformal counterparts at the edge
of the Abelian (3, 3, 1) state and the Pfaffian.
This paper is organized as follows. In section II
we show that the Abelian Laughlin state of bosons at
ν = 1/2 is described by an SU(2) Chern-Simons theory
at level 1. Here we also discuss the effective theory for
the (2, 2, 0) bilayer bosonic state and show that it is an
SU(2)1×SU(2)1 Chern-Simons theory. In section III we
give the main arguments for the derivation of the Landau-
Ginzburg theory for the bosonic non-Abelian FQH states
and their relation with pairing. For simplicity we will
discuss the case of a symmetry group SU(2) at level 2
and we will only state its generalizations. Here we show
the connection between pairing, the Meissner effect, the
breaking of the symmetry SU(2)1 × SU(2)1 → SU(2)2
and the physical origin of non-Abelian statistics. In
section IV we explore the consequences of the Landau-
Ginzburg theory and show that the quasihole excitations
with non-Abelian statistics are topological solitons of the
Landau-Ginzburg theory. In section V we discuss the
bulk-edge connection for these states. In particular we
show that the projection procedure implicit in the con-
formal embedding of SU(2)2 into SU(2)1×SU(2)1 at the
boundary is the counterpart of the Meissner effect in the
bulk. We also discuss generalizations of these results for
multi-component theories associated with the q-Pfaffian
and Read-Rezayi states and their edge states. Section VI
is devoted to the conclusions.
II. BOSONS AT ν = 1/2 AND SU(2)1
The ground state of a system of charged bosons (of
charge −e) with strong repulsive interactions in a large
magnetic field exhibits the FQHE. For a half-filled lowest
Landau level, ν = 1/2, the wave function of the ground
state of this system is in the universality class of the
bosonic Laughlin state
Ψ1/2 =
∏
i<j
(zi − zj)2e
− 1
4ℓ2
0
∑
N
i=1
|zi|2
(2.1)
The effective action of this FQH state is
S1/2 =
2
4π
∫
d3x ǫµνλa
µ∂νaλ (2.2)
The conformal field theory of the edge states of this FQH
state is a c = 1 chiral boson with compactification radius
R = 1/
√
2.
We want to show that this system has a hidden SU(2)
symmetry and that the effective action is that of a Chern-
Simons theory for SU(2)1. That such a description must
exist can be inferred from the structure of the Hilbert
space of the edge states at ν = 1/2. In fact, the edge
states for this FQH state of bosons can be described
in terms of a chiral Bose field φ with the standard La-
grangian for chiral bosons,
Ledge = 1
4π
∂xφ (∂tφ− v∂xφ) (2.3)
where v is the velocity of the edge states (hereafter we
will set v = 1).
The edge charge density is ρ = e
√
ν
2pi ∂xφ, with ν = 1/2.
The operator that creates particle states with charge e
and Bose statistics is
ψ1 = e
i√
ν
φ
(2.4)
Its presence implies that the compactification radius of
the chiral boson is R =
√
ν = 1/
√
2. In addition, the
spectrum contains quasiparticle states, created by the
operator
ψ1/2 = e
i
√
νφ (2.5)
which creates states with charge e/2 and statistics π/2
(semions).
It is a well known fact [17] that, precisely at ν = 1/2,
the charge density operator ρ, the particle (charge e) op-
erator ψ1 and its adjoint ψ
†
1 have (the same) scaling di-
mension 1, and span the triplet S = 1 representation of
SU(2). From the point of view of the current algebra,
this state supports an SU(2) chiral Kac-Moody algebra
at level 1 with J± = e±i
√
2φ and J3 = 1√
2
∂xφ. Notice the
fact, important for what follows, that the charge density
(or current, since this is a chiral theory) is the diagonal
(Cartan) generator of SU(2).
The conformal field theory associated with the SU(2)1
current algebra is the chiral Wess-Zumino-Witten model
[18] (at level k = 1) with action
SWZW =
k
16π
∫
S2
d2x Tr ∂µg∂
µg−1
+
k
24π
∫
B
d3y ǫijkTr g¯−1∂ig¯ g¯−1∂j g¯ g¯−1∂kg¯
(2.6)
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where g is an SU(2)-valued chiral field defined on the
sphere S2, g¯ is its extension from the sphere to the ball
B, and k ∈ Z is the level.
On the other hand, from Witten’s work on Chern-
Simons theory [7], we also know that the chiral Wess-
Zumino-Witten model (at level k) is equivalent to the
SU(2) Chern-Simons gauge theory on a disk (also at level
k). Hence, from this point of view, it should be possible
to map the physics of the bulk state of ν = 1/2 bosons
onto an SU(2)1 Chern-Simons gauge theory whose action
is given by
SCS(a) =
1
4π
∫
d3x ǫµνλ
(
aaµ∂νa
a
λ +
2
3
fabca
a
µa
b
νa
c
λ
)
(2.7)
Since the diagonal generator of SU(2) is the charge
current, a coupling to an external electromagnetic field
breaks explicitly this SU(2) symmetry. In this language,
the quasiparticle of the bulk ν = 1/2 state is created by
the Wilson loop operator in the fundamental (S = 1/2)
representation of SU(2). This state carries charge e/2
and π/2 statistics and it is a one-dimensional represen-
tation of the Braid group. At level k = 1, all the repre-
sentations of the Braid group are Abelian [7].
Hence, we conclude that the effective low-energy the-
ory of the ν = 1/2 FQH effect for bosons is the SU(2)1
Chern-Simons gauge theory of Eq. (2.7). The mapping
we have just discussed indicates that it should be possi-
ble to construct the ν = 1/2 bosonic FQH state in terms
of an SU(2)1 Chern-Simons gauge theory. In order to do
that, we first notice that hard core bosons at half-filling
are invariant under particle-hole symmetry. To make this
fact manifest we introduce the boson creation and an-
nihilation operators, B† and B, and the boson number
operator B3 in terms of the doublet of boson operators
ψ1 and ψ2 , such that
B† = ψ†1ψ2
B = ψ†2ψ1
B3 = ψ†1ψ1 − ψ†2ψ2
(2.8)
which is a representation of the SU(2) algebra. In addi-
tion we impose the constraint
ψ†1ψ1 + ψ
†
2ψ2 = 1 (2.9)
which is the “hard-core” condition. Notice that, in this
representation, the diagonal generator of SU(2) is iden-
tified with the electric charge. With this choice, the
coupling to an external electromagnetic field in general
breaks this SU(2) (particle-hole) symmetry since it cou-
ples only to the diagonal generator. But, at half-filling
the average external magnetic field is exactly canceled by
the expectation value of the SU(2) gauge field (induced
by the bosons). Hence, at half-filling SU(2) invariance is
exact. In particular, the half-filling condition reads
∫
B3 = 0 (2.10)
which in this notation is just a neutrality condition. No-
tice also that SU(2) transformations rotate bosons of
type 1 into bosons of type 2 and vice versa. Given the
constraint Eq. (2.9) these are particle and hole states.
This structure is essential to the construction that we
will pursue here.
The neutrality condition Eq. (2.10) (i. e. half-filling)
implies that the ground state of the SU(2) doublet bose
field ψ is strictly charge conjugation invariant. Thus, al-
though microscopically the SU(2) triplet (adjoint) Bose
field B is a non-relativistic field, the effective Lagrangian
for the low-energy physics associated with this state must
be such that it respects charge conjugation invariance. In
particular this means that this Bose field is not in a Bose
condensed state. Hence, the excitations of this state are
the bosons themselves. In this notation, the Laughlin
state |Ψ1/2〉 reads
|Ψ1/2〉 =
∏
i<j
(zi − zj)2
∏
i
B†(zi)|0〉 (2.11)
The effective generalized Haldane Hamiltonians for
(hard-core) bosons in the lowest Landau level are closely
related to the integrable one-dimensional spin-1/2 chains
and the Haldane-Shastry model. In fact, the wave func-
tion for the ν = 1/2 FQH state of bosons can be thought
of as the wave function for a “spin” system where the
complex numbers zi are the coordinates of, say, the down
spins [19]. In this picture, the charge becomes the z com-
ponent of the spin. Using Haldane’s method of pseudo-
potentials [20], it is possible to construct a local Hamil-
tonian for hard-core bosons at ν = 1/2 which has the
topological fluid state |Ψ1/2〉 as its ground state. The
spectrum of these Hamiltonians, which are fully gapped,
is also generated by an SU(2)1 Kac-Moody current alge-
bra much as in the case of the conventional (gapless) one-
dimensional quantum Heisenberg antiferromagnets [21].
Microscopically, realistic Hamiltonians for the bulk sys-
tem do not in general have a continuous SU(2) symmetry
(a discrete symmetry is sufficient to satisfy the require-
ment of particle-hole symmetry). However, the ground
state Ψ1/2 is actually an SU(2) singlet and the full SU(2)
symmetry is not spontaneously broken. However, unlike
the conventional S = 1/2 (non-chiral) quantum Heisen-
berg antiferromagnet, the spectrum of these chiral mod-
els is fully gapped and, up to topological degeneracies,
the ground state of this topological fluid is unique. Thus,
even if the microscopic Hamiltonian is not fully SU(2)
invariant, the symmetry breaking terms only modify the
energies of the bulk excitations of a given multiplet but
not their quantum numbers. At the edge, the SU(2)
symmetry is exact.
The identification of the charge current with the diag-
onal generator of SU(2) and the SU(2) invariance of the
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low energy physics, combined with the fact that the at
the edge the boundary conformal field theory is an SU(2)
Wess-Zumino-Witten theory at level 1, require that the
effective (Landau-Ginzburg) Lagrangian for the ν = 1/2
FQH state for bosons should contain an SU(2) Chern-
Simons term at level 1.
Furthermore, the Ψ1/2 state supports spinon excita-
tions which are semions that carry spin-1/2 (i. e. charge
e/2). In the spin system picture, the quasiparticles are
topological solitons with semion statistics. These states
are the quasiparticles of the ν = 1/2 FQH state for (hard-
core) bosons.
B† and B are the boson creation and annihilation oper-
ators, which are composites of quasiparticles of the same
sign, i.e. charge −e/2 and e/2 respectively. B3 creates a
magnetophonon, which is a neutral composite of quasi-
particles of opposite sign. There are microscopic models
for which these three excitations are degenerate, although
discrete particle-hole symmetry only guarantees the de-
generacy between the two charged states. At the edge,
however, the SU(2) symmetry and the resulting degen-
eracy is always exact. Similarly, the quantum numbers
– principally the statistics – in the bulk also exhibit this
symmetry even when the energies do not.
The above considerations imply that Landau-Ginzburg
effective Lagrangian for the Ψ1/2 state should have the
form
L = |DB|2 + |Db|2 + V (b) + V (B)
+1 · LCS(a) + ǫµνλAµf3νλ
(2.12)
where B is the SU(2) triplet Bose field introduced above,
b is a doublet field which carries the spinor representa-
tion of SU(2)1, aµ is an SU(2) gauge field, DB is the co-
variant derivative in the triplet (adjoint) representation
of SU(2), Db is the covariant derivative in the spinor
(fundamental) representation, Aµ is the electromagnetic
perturbation and f3 is the component of the field ten-
sor of the gauge field aµ along the diagonal generator of
SU(2). Finally, V (b) and V (B) are potentials that give
masses, and interactions, to the doublet and triplet exci-
tations. These fields do not condense and, in this phase,
the SU(2) gauge symmetry is exact. We are also assum-
ing here that the triplet excitations, which in a sense are
bound states of the doublet quasiparticle states, are sta-
ble. As we stated above, this can be achieved in physical
microscopic systems. In what follows we will only indi-
cate one matter field and, unless stated otherwise, we will
only discuss the triplet field since, as we will show below,
it is the one relevant to the Pfaffian state.
The form of the effective Lagrangian of Eq. (2.12) is
analogous to the Landau-Ginzburg Lagrangian for the
Laughlin states except that the gauge field takes val-
ues on the SU(2) algebra instead of u(1). In eq. (2.12),
LCS(a) is the Chern-Simons action for the SU(2) gauge
field of Eq. (2.7). Unlike its more familiar U(1) rela-
tive [22], this effective Landau-Ginzburg theory does not
break the SU(2) symmetry. The “relativistic” form of the
Lagrangian of Eq. (2.12) (namely, a Lagrangian which is
second order in time derivatives) is a consequence of the
particle-hole symmetry of this state. In fact, this is the
Lagrangian with the smallest possible number of deriva-
tives compatible with all the symmetries. The potential
is chosen in such a way that the ground state has Ba = 0,
i. e. the vacuum is an SU(2) singlet.
Hence, the excitations described by this effective the-
ory have exactly the same quantum numbers as the exci-
tations of the (equivalent) Abelian theory of Eq. (2.2). In
particular, the quasiparticles are not bosons of charge −e
but semions with charge −e/2. By particle-hole symme-
try, there is also a hole with the opposite charge and the
same statistics. Thus, we have succeeded in showing that
the particle-hole symmetric Laughlin state for bosons at
ν = 1/2 is described by an effective Landau-Ginzburg
theory with with a SU(2)1 Chern-Simons term. In what
follows we will make extensive use of this result.
In the following section, we will construct the bosonic
pfaffian state Eq. (1.5) by projecting out unwanted de-
grees of freedom in the (2, 2, 0) state, which is a state of
a bi-layer system in which the bosons in the two layers
simply form two independent ν = 1/2 bosonic Laughlin
states:
Ψ(2,2,0) = Pf
(
uivj + viuj
zi − zj
)∏
i>j
(zi − zj)e
− 1
4ℓ2
0
∑
|zi|2
= A


∏
i>j
(z2i−1 − z2j−1)2 (z2i − z2j)2
×
∏
i
u2i−1v2i
}
e
− 1
4ℓ2
0
∑
|zi|2
(2.13)
The relationship of this state to the bosonic Pfaffian
at ν = 1 is the same as that of the (3, 3, 1) state to
the fermionic Pfaffian at ν = 1/2: it is the envelop-
ing Abelian state. The Landau-Ginzburg theory for this
state is simply two copies of Eq. (2.12) with two bosonic
fields Bi1, B
i
2, and its Lagrangian is
L = | (∂ + ia1)B1|2 + | (∂ + ia2)B2|2 + V (B1) + V (B2)
+
1
4π
ǫµνλ
(
aa1µ∂νa
a
1λ +
2
3
fabca
a
1µa
b
1νa
c
1λ
)
+
1
4π
ǫµνλ
(
aa2µ∂νa
a
2λ +
2
3
fabca
a
2µa
b
2νa
c
2λ
)
+
1
2π
Aµǫ
µνλ
(
fνλ31 + f
νλ3
2
)
(2.14)
In the next section we will show that the Pfaffian state
has an effective action which is derived from the effective
action of Eq. (2.14) by a pairing of the (triplet) bosons
B1 and B2.
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III. PAIRING IN THE QUANTUM HALL
EFFECT AND LANDAU-GINZBURG THEORY
OF THE PFAFFIAN STATE OF BOSONS AT ν = 1
The Pfaffian state,
ΨPf = Pf
(
1
zi − zj
) ∏
i>j
(zi − zj)2 e
− 1
4ℓ2
0
∑
|zi|2
(3.1)
and its generalizations,
ΨqPf = Pf
(
1
zi − zj
) ∏
i>j
(zi − zj)q e
− 1
4ℓ2
0
∑
|zi|2
(3.2)
which we call the q-Pfaffian states, with ν = 1q and q even
or odd for fermions or bosons, respectively, are reminis-
cent of the real-space form of the BCS wave function
ΨBCS = A{g(r1 − r2)g(r3 − r4) . . .} (3.3)
This analogy was discussed at length by Greiter, Wen,
and Wilczek [5]. They pointed out that the Pfaffian state
can be thought of as the quantum Hall incarnation of a
superconductor with p + ip pairing symmetry since the
pair wave function, g(ri − rj), is given by 1/(zi − zj).
As in a superconductor, the basic vortex carries half of
a flux quantum. A state with two such half flux quantum
quasiholes at η1 and η2 takes the form:
ΨqPf = Pf
(
(zi − η1) (zj − η2) + i↔ j
zi − zj
)
×
∏
i>j
(zi − zj)q e
− 1
4ℓ2
0
∑
|zi|2
(3.4)
States with four or more half flux quantum quasiholes
exhibit non-Abelian statistics [3,4]. One of the goals of
this paper is to show how these excitations and their non-
Abelian statistics arise naturally in a Landau-Ginzburg
theory. The above analogy between the Pfaffian state and
a p+ ip superconductor guides us to look for a Landau-
Ginzburg theory of a paired order parameter. We shall
here concentrate on the case q = 1, which is the bosonic
Pfaffian at ν = 1.
In the Pfaffian state, it is not the bosons B1, B2 which
condense, but rather, we expect, a paired order parame-
ter such as Ψa:
Ψa (z1 − z2) = ǫabcBb1 (z1)Bc2 (z2) f (z1 − z2) (3.5)
Here, f is a maximally T -violating p-wave pairing ker-
nel which falls off as 1/(z1 − z2) at long distances. Ψa
transforms in the spin-1 representation of both SU(2)’s
and in the spin-1 representation of the diagonal SU(2)
subgroup.
We can equally use a non-linear realization of the sym-
metry:
O = eiTaΨa (3.6)
where the Ta’s are the SU(2) generators in the spin-1
representation. O transforms as:
O → G1OG−12 (3.7)
The desired Landau-Ginzburg theory can be derived
from the theory of two independent bosonic ν = 1/2’s by
coupling them with an effective interaction of the form;
−
∫
d3x g| ~B1 × ~B2|2 (3.8)
where g is a coupling constant. Next we introduce O
as a Hubbard-Stratonovich field to decouple this quar-
tic interaction term. As a result, the order parameter
field Ψ picks up an expectation value and the Hubbard-
Stratonovich field O factors into an amplitude field (de-
termined by the expectation value of the order param-
eter) and a field which is an element of SU(2) in the
adjoint representation, which hereafter we will call O. A
gauge-invariant kinetic term for O is generated by inte-
grating out the high-energy modes of B1, B2. As a result
we have a Lagrangian of the form:
∫
d3x
{
κTr
(
O−1DµOO−1DµO
)
+ λB1OB2
}
(3.9)
where κ is the rigidity of this broken symmetry state
and the coupling constant λ is a (smooth) function of
the coupling constant g and of the expectation value of
the amplitude of the order parameter. In the spirit of
a non-linear sigma model for the low energy physics, we
will absorb this expectation value in the rigidity κ and
in the coupling constant λ, and will ignore all amplitude
fluctuations. In Eq. (3.9) Dµ is the covariant derivative,
Dµ = ∂µ+ i(a1µ− a2µ), which reflects the way the order
parameter field O couples to SU(2)× SU(2).
Hence, we see that when O acquires an expectation
value, it breaks the SU(2) × SU(2) symmetry to its
diagonal subgroup. As a result, the desired Meissner
constraint follows and the combination of gauge fields
ai1µ − ai2µ acquires a mass and its fluctuations decouple
from the spectrum. In this low-energy limit, the Meiss-
ner effect on the diagonal symmetry implies a constraint
of the form
aiµ ≡ ai1µ = ai2µ (3.10)
then, by enforcing this constraint, we effect:
LCS(ai1µ) + LCS(ai2µ)→ 2LCS(aiµ) (3.11)
This is naturally accomplished by a Meissner con-
struction with symmetry-breaking pattern: SU(2)1 ×
SU(2)1 → SU(2)2. The simplest model which incor-
porates this physics is of the form:
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S =
∫
d3x
{
κTr
(
O−1DµOO−1DµO
)
+ λB1OB2
}
+
∫
d3x
(| (∂ + ia1)B1|2 + | (∂ + ia2)B2|2)
+
1
4π
∫
d3x ǫµνλ
(
aa1µ∂νa
a
1λ +
2
3
fabca
a
1µa
b
1νa
c
1λ
)
+
1
4π
∫
d3x ǫµνλ
(
aa2µ∂νa
a
2λ +
2
3
fabca
a
2µa
b
2νa
c
2λ
)
(3.12)
The matrix field O is in the adjoint representation of
SU(2) and, as such, it is blind to the center Z2 of SU(2).
Hence, effectively O ∈ SO(3), and it transforms under
SO(3)× SO(3) according to
O→ G1OG−12 (3.13)
From now on, whenever we discuss the field O we will
refer only to its properties in SO(3).
When O acquires an expectation value, 〈O〉 = I, the
symmetry is broken to the diagonal subgroup, SO(3) ×
SO(3) → SO(3). There is only a single gauge field left,
a ≡ 12 (a1+a2), corresponding to the unbroken symmetry
group. The Meissner effect sets the other combination,
a1−a2 to zero. As a result, the gauge field a is promoted
to level 2 and it is responsible for the exotic braiding
statistics.
The other effect of the symmetry-breaking is the po-
larization of the pseudo-spins along the x-axis – i.e. pro-
jecting out the ‘down’ spins in the bosonic analog of Eq.
(1.4). In the symmetry-broken state, the second term in
Eq. (3.12) is B1B2, which is just σx (remember that we
are referring to the pseudo-spins, i.e. the layer index, not
the particle-hole SU(2) degree of freedom). Hence, the
same symmetry-breaking which gives us a level-2 gauge
field also projects out the unwanted degrees of freedom
of the enveloping Abelian theory.
So far we have assumed that the only possible phase
transition out of the Abelian (2, 2, 0) state is through
the mechanism of the (triplet) pairing of bosons we just
presented. Conceptually there is however another possi-
bility. Instad of a triplet paired state of charge e bosons,
we can consider instead the singlet pairing of the spin-1/2
semion quasiparticles. These quasiparticles are described
by doublet fields bα (α = ±1/2), as discussed in section
II. The state that results is a condensate of pairs of quasi-
particles and, in a loose sense, it is a hierarchical state
[10]. We can repeat for this state the construction that
we presented in this section for the triplet paired state,
but now for a singlet paired field Ψ ∝ b†1b2. This con-
densate also breaks SU(2)1 × SU(2)1 → SU(2)2. Thus,
superficially this may seem to be another candidate for
the Landau-Ginzburg theory for the Pfaffian state. How-
ever, because of the coset SU(2)×SU(2)/SU(2) is topo-
logically trivial (see section IV), the spectrum of the sys-
tem in this paired state does not contain the spin-1/2
representation which are quasiparticles with non-Abelian
statistics. Hence, this is actually an Abelian paired state.
We conclude this section by generalizing the construc-
tion that we just presented, to the case in which there is
more than one condensate. Specifically, we would like
to find a mechanism for the symmetry breaking pat-
tern SU(2)1 × . . . × SU(2)1 → SU(2)k (k SU(2)1’s to
one SU(2)k). Thus we consider a system with “k lay-
ers” with a Lagrangian which is the obvious general-
ization of Eq. (2.14) which includes k triplet fields BI
(I = 1, . . . , k). Now we consider the situation in which
these particles condense in overlapping pairs with the
pattern B1 pairs with B2, B2 pairs with B3, . . . , Bk−1
pairs with Bk. Hence, all the SU(2) symmetries are
broken except for the diagonal SU(2) symmetry. Then,
the same arguments given in this section show that the
symmetry becomes SU(2)k. The filling fraction of these
states is ν = k2 . This is the effective action of a general-
ization of the Pfaffian state that was considered recently
by Read and Rezayi [14]. In section V we discuss the
boundary conformal field theory of this state and further
generalizations.
IV. BRAIDING STATISTICS OF EXCITATIONS
IN THE PFAFFIAN STATE
In the Chern-Simons Landau-Ginzburg theories
of Abelian quantum Hall states, the basic quasi-
hole/quasiparticle excitations manifest themselves as
vortex solutions. The same is true for the half flux quan-
tum excitations in the non-Abelian case, but the topo-
logical structure is more complicated. In general, when
a symmetry group G is spontaneously broken down to a
residual symmetry group H , there are topologically sta-
ble vortex solutions which are classified by the homotopy
group π1(G/H) [23]. In the U(1) case, this is simply
π1(U(1)) = Z; the vortices are classified by winding num-
ber. In the case of the Landau-Ginzburg theory for the
Pfaffian state, however, this is π1(SO(3)×SO(3)/SO(3)).
This homotopy group can be computed from the long ex-
act sequence
. . .→ π1 (SO(3))→ π1 (SO(3)× SO(3))
→ π1 ((SO(3)× SO(3)) /SO(3))→ π0 (SO(3))→ . . . (4.1)
associated to the fibration
SO(3)→ SO(3)× SO(3)
→ (SO(3)× SO(3)) /SO(3) (4.2)
The result is
π1(SO(3)× SO(3)/SO(3)) = Z2 (4.3)
Hence, there is one topologically distinct class of vor-
tex solutions of the Landau-Ginzburg theory Eq. (3.12).
These solutions have the asymptotic form:
O(r →∞, θ) = R(nˆ, θ) (4.4)
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The gauge field, a1 − a2 must follow O in order for the
energy to be finite:
a1θ(r →∞, θ)− a2θ(r →∞, θ) = R−1(nˆ, θ) ∂θR(nˆ, θ)
(4.5)
There is a different stable vortex solution for any three-
dimensional unit vector, nˆ; these solutions are trans-
formed into each other by rotations in the unbroken
SO(3) subgroup. At the quantum-mechanical level, this
simply means that there is an SO(3) multiplet of vortices,
i. e. the vortices carry an SO(3) quantum number.
The SO(3) quantum number may be calculated by the
technique of Goldstone and Wilczek [24]. We find that
these vortices carry spin-1/2. Hence, they exhibit the
non-Abelian statistics discussed in [3,4].
In addition to these topological solitons, the Landau-
Ginzburg theory also contains the fundamental fields, B3,
B and B†. These are now fermionic because they are
an SU(2) triplet coupled to a level k = 2 SU(2) gauge
field. The statistical transmutation may be seen, follow-
ing [4], by applying the results of [7]. B3 is the neutral
fermionic excitation which we expect in a paired state.
It can be visualized as a fermionic dipole, which is the
Pfaffian incarnation of the fermionic dipoles discussed in
the context of compressible states [25]. B and B† are
the Pfaffian analogues of the Laughlin quasiparticle and
quasihole. They carry a single flux quantum of the U(1)c
subgroup of SO(3). Together, B3, B and B† form the
bulk SO(3) triplet which corresponds to the edge SO(3)
triplet of Majorana fermions discussed in [4]. The funda-
mental charge e boson is created/annihilated by B3B†, i.
e. it is a dipole attached to a flux tube.
Finally, in section III we considered the alternative
condensate in which pairs of quasiparticles condensed in
a singlet paired state. We saw there that this condensate
breaks SU(2)1 × SU(2)1 → SU(2)2. Hence, the order
parameter of this condensate is in the coset SU(2) ×
SU(2)/SU(2). However, this condensate does not
have topologically stable non-trivial soliton states since
π1(SU(2) × SU(2)/SU(2)) = 0. In contrast, the triplet
condensate discussed above does have topologically non-
trivial solutions since π1(SO(3) × SO(3)/SO(3)) = Z2,
which carry the spin-1/2 representation. While both
condensates break SU(2)1 × SU(2)1 → SU(2)2, the sin-
glet paired condensate does not support states with non-
Abelian statistics while the triplet (adjoint) condensate
does. The crucial difference resides in the fact that the
triplet fields leave a Z2 subgroup of SU(2) unbroken. The
quasiparticles with non-Abelian statistics carry the spin-
1/2 representation which transforms non-trivially under
this Z2. Therefore, the singlet condensates do not have
excitations with non-Abelian statistics while the triplet
condensate does. From this point of view, the singlet con-
densates (states with quasiparticle pairing) are actually
Abelian FQH states.
V. EFFECTIVE EDGE THEORIES
A. Edge theories for the q-Pfaffian
The basic idea behind the Landau-Ginzburg theories
presented in the above has been that of a projection from
an enveloping Abelian theory. This mechanism can be
beautifully illustrated by considering effective edge con-
formal field theories (CFT) for the various quantum Hall
states that are involved. In the conformal field theory
setting, the notion of obtaining a non-trivial theory by
reduction from a simpler one is an old idea known as the
conformal embedding. For instance, the SU(2)k×SU(k)2
current algebra – which does not have a free-field repre-
sentation – of the multi-channel Kondo model can be em-
bedded in an SU(2k)1 current algebra – which does. The
projection can be accomplished by standard techniques.
In the preceding sections, we have shown how the anal-
ogous projection occurs in the bulk: it is not done ‘by
hand’, but occurs dynamically as a result of spontaneous
symmetry-breaking. We found that this automatically
led to the physics of non-Abelian statistics. In this sec-
tion, we show how the same physics arises at the edge in
the context of a conformal embedding.
In such (conformal) edge theories, the edge quasipar-
ticles of non-Abelian quantum Hall states exhibit ‘non-
Abelian exclusion statistics’. For the q-Pfaffian states at
ν = 1/q, this has been explained in a recent paper by one
of us [26].
What is important here is that the edge theory for a
Pfaffian quantum Hall state can be obtained by a pro-
jection from a covering Abelian edge theory [16]. The
Abelian cover of the q-Pfaffian edge theory is the edge
theory for the Abelian bi-layer Halperin state (q+ 1, q+
1, q − 1). The latter state is described by the inverse
K-matrix
K−1 =
1
4q
(
1 + q 1− q
1− q 1 + q
)
(5.1)
giving filling fraction ν =
∑
IJ(K
−1)IJ = 1/q and cen-
tral charge c = 2.
The mechanism by which projecting a CFT down to
a smaller theory can induce non-Abelian statistics is by
now understood and well-documented [27–29]. The key
ingredient are the fusion rules for the CFT fields that
correspond to the quasiparticles of choice. For the case
of the q-Pfaffian, the half flux quantum quasihole (of
charge + e2q ) corresponds to a conformal field of dimen-
sion h = q+216q . In a formulation that employs the fields
of a c = 12 Ising CFT and a c = 1 Gaussian CFT, the
quasihole field can be represented as
ψqh = σ e
i 1
2
√
q
φ
(5.2)
with σ the (chiral) spin field of the Ising CFT and
φ(z) a chiral bosonic field. In the edge CFT for the
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(q+1, q+1, q−1) Halperin state, the fundamental quasi-
holes have conformal dimension h = q+18q and are repre-
sented as
ψ
(1,2)
qh = e
il
(1,2)
J
φJ (5.3)
with l(1) = (1, 0), l(2) = (0, 1), and φJ (z) two bosonic
chiral fields.
The characteristic difference between the exclusion
statistics of the quasiholes in both cases follows by in-
specting their fusion rules. The Ising spin field satisfies
[σ] · [σ] = [1] + [ψ] (5.4)
with ψ the Ising fermion and the non-trivial right hand
side leads to the non-Abelian exclusion statistics of the
quasiholes over the q-Pfaffian [26]. The fact that the
right hand side of Eq. (5.4) has two terms leads to a de-
generacy of 2n−1 for a state with 2n quasiholes at fixed
positions [3]. In thermodynamics this implies that a sin-
gle quasiholes carries an effective number of degrees of
freedom equal to
√
2.
In contrast, the fusion rules of the (q + 1, q + 1, q − 1)
quasihole fields are additive in the l labels, and the as-
sociated statistics are Abelian. In Haldane’s terminology
[30], these quasiholes satisfy fractional exclusion statis-
tics with statistics matrix G = K−1 [31].
The reduction from the Halperin to the Pfaffian edge
theory is most beautifully explained by focusing on the
special case q = 1. For this (bosonic) Pfaffian state,
the edge theory is identical to a SU(2)k=2 (chiral) Wess-
Zumino-Witten (WZW) theory, the SU(2) symmetry be-
ing identical to the ‘particle-hole’ SU(2) symmetry de-
scribed in section II. At the same time, the enveloping
c = 2 CFT describes a (2, 2, 0) state and is thus a product
of two copies of the SU(2)k=1 chiral WZW theory (com-
pare with section III). It becomes clear then that the
reduction from the (2, 2, 0) to the q = 1 Pfaffian CFT is
the complement to the usual Goddard-Kent-Olive coset
construction: one rewrites the SU(2)1 × SU(2)1 theory
in terms of SU(2)2 × (Ising) and then projects out the
degrees of freedom corresponding to the Ising (c = 12 )
factor. This reduces the central charge from c = 2 to
c = 32 and it also reduces the pair of charge e/2 quasi-
holes Eq. (5.3) in the enveloping theory to the single half
flux quantum quasihole Eq. (5.2) in the projected theory,
in the process subtracting 1/16 (which is the dimension
of the Ising spin-field) from their conformal dimension.
For the general q-Pfaffian, there is no SU(2) symme-
try, but the reduction process is essentially the same: the
projection amounts to splitting off an Ising CFT factor,
and it merges the two elementary quasiholes over the
Halperin state into a single one in the projected Pfaffian
theory, subtracting 1/16 from their conformal dimension.
For the charge −e excitations at the edge one observes
a similar pattern. In the covering theory there are two
such excitations, with labels l = (q ± 1, q ∓ 1) and of
conformal dimension q+12 . They project to the Pfaffian
edge electron of conformal dimension q+12 (multiplying
the identity of the Ising factor) and to the q flux quan-
tum quasiparticles of dimension q2 (multiplying the Ising
fermion).
Comparing with the bulk construction presented in the
above, we see a clear correspondence. In particular, the
projection onto σx = +
1
2 corresponds to the elimina-
tion of the Ising degrees of freedom in the edge theory.
The statistical transmutation of one of the SU(2) triplet
fields from bosonic to fermionic is at the edge effectu-
ated by splitting off and then discarding the Majorana
fermion field of the Ising CFT, while the transmutation
from Abelian to non-Abelian of the quasihole statistics is
at the edge effectuated by splitting off an Ising spin field.
The bulk-edge correspondence established here is intu-
itively quite appealing: the projection procedure which
in the bulk amounts to projecting an up-down ‘spin’ de-
gree of freedom onto a definite direction, is at the edge
effectuated by eliminating an Ising CFT. In addition, the
edge picture clearly shows how a two-component quasi-
hole with Abelian statistics gets projected on a single
quasihole which represents an effective number of
√
2 de-
grees of freedom and exhibits non-Abelian statistics. Fi-
nally, the edge analysis reveals the physical reason for the
statistical transmutation of the triplet (B3, B†, B): the
elimination of an Ising CFT amounts to factoring out a
fermionic field and this changes statistics from bosonic
to fermionic.
B. Extension to Read-Rezayi states
We observe that very similar considerations apply to
the order-k non-Abelian FQH Hall states recently pro-
posed by Read and Rezayi [14]. These authors proposed
a two-parameter family of non-Abelian FQH states ΨM,k,
withM related to a Laughlin exponent and k the order of
the ‘clustering’ that is allowed for fundamental fermions
(bosons). The filling factor for these states is ν = kMk+2 .
The q-Pfaffian states are the special case k = 2, q =M+1
of the Read-Rezayi states.
The edge theory for an order-k Read-Rezayi state is
obtained by replacing the Majorana fermion in a Pfaf-
fian edge theory by a Zk parafermion [14]. One can show
that for the special case M = 0, the edge CFT for the
Read-Rezayi state, at filling ν = k2 , becomes identical
to an SU(2)k chiral WZW theory. Under this identifica-
tion, the 1k flux quantum quasiholes over the Read-Rezayi
state correspond to the j = 12 ‘spinon’ excitations of the
SU(2)k WZW theory.
The non-Abelian exclusion statistics of quasiholes over
the Read-Rezayi FQH states can be studied by gener-
alizing the analysis of [26] for the Pfaffian (k = 2). For
M = 0 the quasihole statistics are the non-Abelian statis-
tics of the j = 12 spinons in the SU(2)k WZW theory.
The latter have been analyzed in [32,33,29], the most
important features being (i) a maximal occupation of
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nmax = 2k (5.5)
spinons per energy level, and (ii) an effective number of
degrees of freedom of
αk = 2 cos
π
k + 2
(5.6)
per spinon. Both these features have a direct interpreta-
tion in the quantum Hall context.
The maximal occupation nmax enters in the following
expression for the Hall conductance
σH = n
maxQ2qh
e2
h
(5.7)
with Qqh the quasihole charge. Putting in the value
Qqh =
1
2 of the
1
k flux quantum quasiholes, together with
nmax = 2k, correctly reproduces the Hall conductance
σH =
k
2
e2
h . We stress that, as is illustrated by the Eq.
(5.7), it is the combination (nmaxQ2qh) rather than the
quasiparticle charge Qqh which enters in the most ba-
sic phenomenology. For the case of Abelian Laughlin
states at ν = 1/m, this is consistent with the duality
[34,35] between charge 1/m quasiholes with nmax = m
and charge−1 electrons with nmax = 1/m, the two agree-
ing on the value (nmaxQ2qh). A similar duality has been
demonstrated for the non-Abelian exclusion statistics for
the q-Pfaffian states [26]. In a sense, the physical effects
of fractional charge can be traded for those of fractional
statistics.
The quantity αk of Eq. (5.6) is related to the number
dN of excited states withN = kn quasiholes at fixed posi-
tions. For N large we have dN ∼ αN . Clearly, αk = 1 for
the case k = 1, where the statistics are Abelian. A non-
integer value for αk, which expresses itself in thermody-
namic quantities such as 1-particle distribution functions,
is a hallmark feature of non-Abelian exclusion statistics.
A more detailed analysis leads to precise values for the
quantities dN . For k = 2 one recovers the value 2
n−1
which we already cited in the above. The prediction
going with case k = 3 (d3n = F3n−2 with Fl the l-th
Fibonacci number) has been confirmed by a numerical
analysis reported in [14]. We remark that while the value
for nmax depends on M , the degeneracy factor αk is the
same for all M .
Clearly, the results of this paper, together with the
simple picture for the edge theories for the order-k
non-Abelian FQH states, inspire an approach towards
constructing effective Landau-Ginzburg descriptions for
these new quantum Hall states. In section III we indi-
cated the first steps for such a construction in the cases
M = 0. In the more general cases with M > 0 (which in-
clude the fermionic states), there is no SU(2) symmetry
and the analysis is more involved.
VI. CONCLUSIONS
In this paper, we have constructed a Landau-Ginzburg
theory for the universality class of a Pfaffian state of
bosons at ν = 1. This construction elucidates the physics
of this state by giving a physical interpretation to the
SU(2) symmetry, casting light on the stability of the
universality class, emphasizing the pairing physics, and
clarifying the relation to an associated Abelian state. In
our concluding remarks, we would like to dilate, albeit
briefly, upon these issues.
The SU(2) symmetry which was the linchpin of the
construction of [4] descends from the particle-hole sym-
metry of the Laughlin state of bosons at ν = 1/2. This
fact is crystallized by our extraction of the bosonic Pfaf-
fian from the enveloping Abelian state which has two
copies of the bosonic ν = 1/2 state and its appurtenant
symmetries. The SU(2) symmetry, we emphasize, is not
a symmetry of the full spectrum of such a state –even if
the microscopic Hamiltonian is particle-hole symmetric.
Rather, it is a symmetry at the level of the topologi-
cal quantum numbers of the excitations. In the bulk,
for instance, this means that the charged and neutral
fermions have the same statistics but their energies can
be split. At the edge, this means that the edge theory
has an SU(2) symmetry which can be split by the ve-
locities of the edge modes. Nevertheless, the symmetry
holds exactly for the quantum numbers – including and
especially the statistics – in the bulk and at the edge.
For this reason, we expect that the non-Abelian statis-
tics which we have found will be impervious to the vi-
cissitudes of small symmetry-breaking fields which may
spoil the SU(2) symmetry at the energetic level. This
is manifested by the irrelevance of weak perturbations of
our final result, the SU(2)2 Chern-Simons theory [4].
The bosonic Pfaffian state is a daughter state of the
(2, 2, 0) state which results from the condensation of a
neutral paired order parameter. As a result, the filling
fraction is unchanged. By contrast, the Abelian hierarchy
arises from condensation of a charged order parameter.
We have raised the possibility of condensing another neu-
tral order parameter in the (2, 2, 0) state which leads to a
distinct daughter state. One can contemplate extending
this notion to other parent states. Suppose, for instance,
that a neutral quasiparticle-quasihole composite were to
condense in the ν = 2/5 state. Would a non-Abelian
state at the same filling fraction result?
The condensation phenomena that we have discussed
results in the elimination of certain degrees of freedom,
thereby reducing an Abelian theory to a smaller non-
Abelian theory. This reduction is the bulk counterpart
of a corresponding edge construction, namely, the projec-
tion from an enveloping Abelian conformal field theory
to a non-Abelian theory which is conformally embedded
in it. In the case of the reduction from the (2, 2, 0) state
to the Pfaffian, the pseudo-spin degree of freedom is elim-
inated. The Pfaffian state is the fully polarized sibling
of the unpolarized (2, 2, 0) state. However, there is really
a continuous family of partially polarized states which
interpolate between them, as has been emphasized in
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[10,13], and the state which corresponds to real exper-
iments could be somewhere in this family. Whether this
state is in the universality class of the Pfaffian states or of
their enveloping – or parent – Abelian states is a question
which is answered by the order parameter constructed in
this paper.
In some cases, such as the ν = 5/2 plateau, there may
not be such a pseudo-spin degree of freedom, so the state
may appear to be identically in the fully polarized state.
However, one is tempted to speculate that a layer struc-
ture could be spontaneously generated by the dynamics
in the z-direction (as it is in wide quantum wells) in a
2DEG so as to take advantage of the energetics which
favors the Pfaffian.
Of course, this entire construction made heavy use of
the SU(2) symmetry of the ν = 1 bosonic case. The ex-
tension to the physically interesting case of fermions at
ν = 1/2 is still an open question to which we will return.
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